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Cosmic backreaction refers to the general question of whether a homogeneous and isotropic cosmological
model is able to predict the correct expansion dynamics of our inhomogeneous Universe. One aspect of this
issue concerns the validity of the continuous approximation: does a system of point masses expand the same way
as a fluid does? This article shows that it is not exactly the case in Newtonian gravity, although the associated
corrections vanish in an infinite Universe. It turns out that Gauss’s law is a key ingredient for such corrections
to vanish. Backreaction, therefore, generically arises in alternative theories of gravitation, which threatens the
trustworthiness of their cosmological tests. This phenomenon is illustrated with a toy model of massive gravity.
I. INTRODUCTION
A long-standing fundamental question in cosmology is
whether a homogeneous and isotropic model accurately pre-
dicts the expansion dynamics of our late-time inhomogeneous
Universe. The idea that the formation of structures in the
cosmos could produce a feedback on cosmic expansion has
been formalized by Buchert’s work in the late 1990s [1], and
is known as the backreaction problem [2–5]. Backreaction
can be considered a twofold issue. The first aspect is the one
originally discussed by Buchert: due to the nonlinearities of
relativistic gravitation, spatial coarse graining and time evolu-
tion do not commute; hence, the coarse-grained evolution of an
inhomogeneous universe should differ from the evolution of a
coarse-grained universe [6]. This phenomenon does not occur
in Newtonian gravity [7]. The second aspect concerns the valid-
ity of the description of matter as a continuous medium—does
a fluid universe expand the same way as a universe made of
point masses?
While the first aspect is still actively debated, both on pure-
theory [8–13] and numerical bases [14–17], it seems that a
consensus has been reached on the second aspect: the fluid ap-
proximation seems to be fine. A considerable amount of model-
based analyses indeed point towards this direction. Among them
can be cited (i) the Einstein-Straus Swiss-cheesemodel [18–20],
where spherical regions of a Friedmann-Lemaître-Robertson-
Walker (FLRW) model can be replaced by point masses without
affecting the global expansion law; (ii) discrete Newtonian cos-
mologies [21, 22]; (iii) finite lattices inGR tessellatingS3, either
based on approximate solutions [23–28], exact solutions [29–
33], or numerical relativity [34]; (iv) infinite cubic lattice
universes, again either based on approximate solutions [35], nu-
merical relativity [36–40], ormost recently on a post-Newtonian
expansion [41, 42].
The above models were naturally worked out in the context
of general relativity (GR), which undoubtably represents our
best theory of gravitation so far. However, the well-established
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fact that cosmic expansion is accelerating [43, 44] stimulated a
significant research effort on alternative theories of gravitation
which could challenge the cosmological constant as the origin
of this acceleration: scalar-tensor theories, including f (R)
models [45]; extended teleparallel models [46]; massive [47]
and bi-metric theories [48]; Lorentz-violating approaches like
Hořava-Lifshitz and Einstein-æther theories [49], etc.—see
Ref. [50] for a comprehensive review. Because cosmology is
the main motivation for such alternatives, their confrontation
with cosmological data represents an essential test which—this
is the key point—is always performed using the homogeneous
and isotropic FLRW model in order to deal with cosmic expan-
sion [51].
It must be mentioned however that the backreaction issue,
or more generally the connection between the small-scale
and large-scale behaviors of modified theories of gravity has
recently gained more attention. For example it has been shown
inRef. [52], with a bottom-up approach, that f (R)modelswhich
are healthy on small scales tend to have wrong cosmologies and
vice-versa. A similar analysis applied to general scalar-tensor
and vector-tensor theories has been proposed in Ref. [53]. In
Refs. [54, 55], the Green &Wald approach to backreaction [56]
has been applied to several non-GR theories, leading to a
qualitatively different result compared to the GR case.
The present article focuses on the validity of the continuous-
medium approximation specifically. It is indeed hard to identify
the actual reasons of its success in GR, because because the
analyses of discrete cosmological models reported above are all-
model based. Extrapolating the accuracy of this approximation
to non-GR theories of gravitation is therefore a poorly controlled
operation. This leads us to the two central questions addressed
in the present article: (i) Why does a fluid model predicts the
right expansion law for a clumpy universe? (ii) Does this hold
in nonstandard theories of gravity?
Hereafter, Sec. II is a quick reminder on how to derive the
Friedmann equations in Newtonian cosmology from a purely
energetic approach. This draws a path along which I compare,
in Sec. III, the properties of a discrete and a continuous model.
This comparison shows that Gauss’s law is a key feature of
Newtonian gravity for those two models to match. I then
repeat in Sec. IV the same analysis with an alternative toy
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2theory of gravitation, namely Yukawa gravity, and discuss the
trustworthiness of cosmological tests of modified theories of
gravity.
II. HOMOGENEOUS NEWTONIAN COSMOLOGY
Throughout this article, I will adopt Newtonian theory as
the standard theory of gravity. It is indeed generally assumed,
though debatable, that Newtonian gravity is a good approxi-
mation of GR in a cosmological context, provided light is not
involved1. This section is a reminder about Newtonian cosmol-
ogy, where the Friedmann equation governing the expansion
of the Universe can be derived from energetic considerations.
A. Standard energetic approach
Consider a universe, infinite or not, homogeneously filled
with a density ρ of matter. The symmetries of the system
imply that it can expand or contract homothetically, so that
ρ is a function of time. Pick an arbitrary origin within this
system. For the distribution of matter to remain homogeneous
and its flow to be isotropic, the matter velocity field must obey
Hubble’s law:
v(t, x) = H(t)x. (1)
If one follows the motion of an arbitrary particle within the
flow, its position as a function of time (the displacement field)
is then given by
x(t2) = a(t2)a(t1) x(t1), (2)
for any two t1, t2, and where the scale factor a(t) is a function
of time such that Ûa/a = H.
Consider a spherical region around the origin with constant
mass M. It is a closed system, in the sense that we follow
the motion of each particle contained in this region; hence,
its radius r(t) evolves according to Eq. (2). Besides, mass
conservation implies 4piρ(t)r3(t)/3 = M .
As in any closed system, the total (kinetic plus gravitational)
energy E of the ball is conserved with time. It is straightforward
to calculate its expression as a function of the radius:
E = Ekin + Egrav (3)
=
∫
d3x
ρv2
2
−
∫
d3x d3x ′
Gρ2
|x − x ′ | (4)
=
3
10
MH2r2 − 3
5
GM2
r
, (5)
1 In Newton’s theory, the gravitational charge is mass rather than energy.
This has two direct consequences. First, since light is massless, it cannot
fall, which implies no gravitational lensing, in particular no gravitational
focusing, hence, wrong predictions for the angular or luminosity distance-
redshift relations even in homogeneous cosmology. Second, light cannot
be a source of Newtonian gravitation, which makes this theory unable
to correctly describe, e.g., the cosmic expansion dynamics during the
radiation-dominated era.
whence
H2 =
8piGρ
3
+
10
3
E
M
1
r2
. (6)
By taking the present time t0 as a reference, in the sense that
a(t0) = 1, we can turn the latter equation into a more familiar
form: define K = −10E/[3Mr20 ] and get
H2 =
8piGρ
3
− K
a2
, (7)
which is the first Friedmann equation. Note that for this equation
to be independent from the region we started with, i.e. for K
to be the same whatever the reference radius r0, energy cannot
be homogeneously distributed in the Universe, more precisely
we need E ∝ r50 . Paradoxically this does not contradict the
homogeneity requirement, on the contrary it does ensure it2.
The second Friedmann equation,
Üa
a
= −4piGρ
3
, (8)
is then directly obtained by taking the time derivative of Eq. (7)
and using mass conservation.
Note, finally, that we could have accounted for a cosmological
constant by simply adding a term of the form −MΛr2/10 to
the gravitational potential energy.3
B. Discussion
In the above derivation, the dynamics of cosmic expansion is
an exchange between kinetic energy and gravitational potential
energy. The deceleration of expansion is the price that must be
paid by kinetic energy to gravity which opposes a resistance to it.
Such a reasoning equally applies to any self-gravitating system.
However, one then has to be careful about the physical meaning
of the Ekin and Egrav. Indeed, because we are interested in the
expansion dynamics only, they must represent respectively the
kinetic energy of expansion and the gravitational energy that
really resists to this expansion.
This last point is particularly important in the presence of
gravitationally collapsed structures, e.g. galaxies. In such
systems, the internal thermal or rotational motion does not con-
tribute to the kinetic energy of expansion, and the gravitational
interaction between stars within the galaxy does not resist to
the expansion. In other words, the internal degrees of freedom
of gravitationally collapsed structures are decoupled from the
expansion dynamics. However, the proper distinction between
2 When this assumption is broken, we fall into the more general class of
models which are spherically symmetric but inhomogeneous, known in GR
as the Lemaître-Tolman-Bondi (LTB) models—see e.g. Ref. [57]. The
function −10E(r0)/[3M(r0)r20 ] then corresponds to the spatial curvature
function usually denoted k(r) of the LTB solution.
3 In a Newtonian context, the cosmological constant cannot be included
if gravitation is interpreted as an interaction between massive bodies; it
requires a field formulation. The cosmological constant is then an additional,
homogeneous, source of the Poisson equation: ∆Φ = 4piGρ − Λ.
3scales which do not participate to the expansion dynamics,
and those which do, is highly nontrivial in practice. In the
next section I will consider an idealized situation—a discrete
cosmological model—in which this distinction is clear, and
whose consequences can be quantified. Note that similar issues
have been addressed in Ref. [58] following a very different
approach, based on renormalization techniques.
III. DISCRETE NEWTONIAN COSMOLOGY
Let us compare the energetic properties of a discrete and
a continuous gravitational system. We will see that the dis-
creteness of the matter distribution leads to a rescaling of both
kinetic and gravitational energy, effectively producing a small
change of the spatial curvature term in the expansion dynamics.
A. Description of the models
Consider a finite system of N = n3 identical masses m, each
one being located at the center of a cell of a cubic lattice of size
L, as illustrated in Fig. 1. We call M = Nm the total mass and
` = L/n the distance between two neighboring masses, that is
the size of an elementary cell C. This system will be refered
to as the discrete cosmological model (D) in the following.
We also consider the corresponding continuous model (C),
where the same cells are homogeneously filled with a density
ρ = m/`3.
The finiteness of those models allows us to easily formulate
energetic rationales. They are expected then to behave more
similarly to the finite lattice universes studied in Refs. [23–34]
than to the infinite periodic models of Refs. [35–42]. It is thus
the opportunity to determine if the backreaction effect observed
in finite lattices [29, 31, 34] is genuinely relativistic, or if it can
be captured by Newtonian physics.
discrete model (D) continuous model (C)
mC C
`
ρ =
m
`3
=
M
L3
L = n`
Figure 1. Two models are compared: a discrete model (D) made of n3
point masses in a cubic lattice, and the corresponding continuous
model (C) with constant density.
B. Effect of discretization on the gravitational potential energy
We start by comparing the gravitational energies of the
discrete and continuous models, E (D)grav and E
(C)
grav. For that
purpose, it is convenient to regard model (C) as a set of N
homogeneous cubes distributed on the same lattice asmodel (D).
We can then split the integral of E (C)grav into two contributions: on
the one hand, interactions between elements of volume which
belong to the same cell C, and, on the other hand, interactions
between elements belonging to different cells C, C’:
E (C)grav =
NEgrav,self︷                                   ︸︸                                   ︷
−
∑
C
∫
x,x′∈C
d3x d3x ′
Gρ2
|x − x ′ |
−
∑
C,C′
∫
x∈C,x′∈C′
d3x d3x ′
Gρ2
|x − x ′ |︸                                         ︷︷                                         ︸
Egrav,int
. (9)
The first term represents the sum of the gravitational self-energy
of each cells, while the second term is the interaction energy
between different cells.
Because Egrav,self and E (C)grav represent the gravitational energy
of the same system modulo rescaling, we can expect them to
be simply related. This can be proved without any calculation
but invoking the Buckingham Π-theorem [59]. For the system
considered here—a homogeneous cube with size ` and mass
m—the dimensionless quantity Egrav,self/(Gm2/`) can only be
a function of the other independent dimensionless quantities
that one can construct from the parameters of the system and
the relevant physical constants. It turns out that there are no
such other quantities, which implies that Egrav,self ∝ Gm2/`,
whence
E (C)grav
Egrav,self
=
M2`
m2L
= N5/3. (10)
Regarding the interaction energy, I will make the approxi-
mation that the interaction energy between two different cells
C, C′ is equal to the interaction energy of two point masses
separated by the same distance, so that
Egrav,int ≈ E (D)grav ≡
1
2
∑
i, j∈lattice
−Gm2xi − x j  . (11)
This is motivated by the so-called shell theorem for spherically
symmetric distributions, which can be regarded as a conse-
quence of Gauss’s law. Although strict equality is only achieved
for spherically symmetric distributions, this approximation is
shown to be accurate at 5% level — see Appendix A for details.
From Eqs. (10) and (11), we then conclude that
E (D)grav ≈
(
1 − N−2/3
)
E (C)grav. (12)
In other terms, the gravitational interaction resisting to cosmic
expansion is slightly weaker in the discrete model than in the
4continuous model. This must be understood as follows. In
the continuous model, every interaction between each element
of fluid is involved in this resistance, including interactions
between elements that, in the discrete model, would belong
to the same body. In the discrete model, there are effectively
less gravitational interactions, because internal gravity does
not participate. As far as gravitational energy is concerned, the
discreteness of the model is equivalent to a renormalization of
the gravitational constant as
Geff
G
≈ 1 − N−2/3. (13)
Of course this correction could equivalently be encoded into
an effective density ρeff or an effective total mass Meff.
This result has been tested against numerical calculations,
as illustrated in Fig. 2. We see that the behavior in N−2/3
is accurately reproduced, even for small values of N , which
confirms the efficiency of the approximation made in Eq. (11).
This power-law correction strongly reminds us the result ob-
tained by Bentivegna and Korzyński [31, 34], except that the
effect seems to go the other way round—their discrete model
is effectively heavier than the continuous model. I’ll show in
subsection III D why our results actually agree.
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Figure 2. Ratio between the gravitational potential energy of the
discrete model, E (D)grav and of the continuous model, E
(C)
grav, as a function
of the number N of particles in the discrete model. Here the total
size L of the lattice is fixed, so that ` = L/N1/3 decreases with
N . Squares indicate numerical calculations, obtained by computing
directly the finite sum of Eq. (11). They accurately follow the behavior
obtained in Eq. (12), indicated by the dashed line.
C. Effect of discretization on the kinetic energy
Let us now turn to the kinetic energy. Because the system
(even in the continuous case) is not infinite and because its
geometry is not spherically symmetric, Hubble’s law (1) should
not apply at all times. However, because we are only interested
in the effect of discretization and not about finite-size or sym-
metry effects, we will assume for simplicity that it does. For
model (C), the kinetic energy is easily calculated as
E (C)kin =
∫
d3x
ρv2
2
(14)
=
∫ L/2
−L/2
dx dy dz
1
2
ρH2(x2 + y2 + z2) (15)
=
1
8
MH2L2. (16)
In the discrete case (D), we will assume for convenience that n
is an odd integer, so that one of the masses is the center of the
lattice, with respect to which the other masses are located at
positions p = (px, py, pz), where each component runs from
−(n − 1)/2 to (n − 1)/2. The kinetic energy of the system is
then
E (D)kin =
∑
p∈lattice
mv2p
2
(17)
=
(n−1)/2∑
px,py,pz=−(n−1)/2
1
2
mH2`2(p2x + p2y + p2z) (18)
= 3mH2`2 n2
n( n−12 )( n+12 )
6
(19)
=
1
8
MH2L2
(
1 − N−2/3
)
, (20)
from which we conclude that
E (D)kin =
(
1 − N−2/3
)
E (C)kin . (21)
The discrete model, therefore, has a slightly lower kinetic
energy of expansion compared to the corresponding continuous
model. This can be interpreted as follows. In the continuous
model, not only are the cells going away from each other, but
they also expand themselves. This second component is absent
in the discrete case.
D. Discussion
Gathering the results of Subsecs. III B, III C we conclude
that, in the discrete model, the relevant energy involved in the
expansion dynamics is simply rescaled by a factor 1 − N−2/3
with respect to the continuous case,
E (D)kin + E
(D)
grav ≈
(
1 − N−2/3
) (
E (C)kin + E
(C)
grav
)
. (22)
If this total energy is zero—i.e. in relativistic terms if spatial
curvature vanishes—then the dynamics of the discrete model
is identical to the one of the homogeneous model. If on the
contrary the total energy is not exactly zero—if the Universe
has a spatial curvature—then the dynamics of model (D) differs
from the one of (C) in that its spatial curvature is effectively
weaker:
K (D) ≈
(
1 − N−2/3
)
K (C). (23)
5Physically speaking the scenario is the following. At early
times the Universe is very homogeneous, so that N →∞ and
both curvatures match. As gravitationally bound structures
form, N decreases and a fraction N−2/3 of both kinetic and
gravitational energies leaks from the expansion dynamics to
microscopic degrees of freedom, such as the rotational or
thermal motions in galaxies and clusters of galaxies, and their
gravitational binding energy. The net result of this process is to
progressively weaken the corresponding cosmological spatial
curvature.
How can this be reconciled with the results of Refs. [31,
34]? Their authors showed that, for a finite lattice of black
holes, at the moment of maximum expansion, the expansion
dynamics follows the Friedmann equation of a continuum
with the effective total mass Meff ≈ M(1 + N−2/3). From
a Newtonian point of view, at maximum expansion kinetic
energy vanishes and total energy is then equal to the effective
gravitational energy. We can therefore write
E
M
≈ αGMeff
Lmax
= (1 − N−2/3) × αGM
Lmax
⇐⇒ (1 − N−2/3) × E
M
≈ αGM
Lmax
, (24)
where α is a geometrical factor. In other words, while Ben-
tivegna and Korzyński work with a fixed spatial curvature (total
energy) and interpret the backreaction effect as a enhancement
of the mass, I work with a fixed mass and I encode backreaction
in a weakened spatial curvature. Both approaches are equiva-
lent at maximum expansion. A similar rationale shows that this
behavior in N−2/3 also matches the results of Ref. [29]. The
remarkable agreement between the results of Refs. [29, 31, 34]
and the calculations of this section shows that, although the
latter rely on a fully relativistic treatment of discrete cosmology,
the backreaction effect that they observe is, in fact, Newtonian.
For reasonable orders of magnitudes of N , the associated
correction turns out to be very small. For instance, if we
suppose that the particles of the discrete model represent
clusters of galaxies with mass m ∼ 1015M, then there are
approximately N ∼ 108 such objects in the observable Universe,
so that the associated correction of curvature would be on the
order of 10−6. Note finally that such a correction obviously
vanishes in an infinite universe (N →∞).
The analysis presented in the present section justifies the use
of the continuous approximation in Newtonian cosmology. It
also emphasizes that its validity is not as trivial as one could
expect. A key element in this demonstration is Eq. (11), i.e. the
fact that any isolated distribution of mass gravitates similarly
to the same mass concentrated at its center, which I loosely
refer to as Gauss’s law. This feature is however very specific to
fields whose Green function goes like 1/r2, hence it generically
does not hold for modified theories of gravitation, as will be
illustrated in the next section.
IV. DISCRETE COSMOLOGYWITH A MODIFIED
THEORY OF GRAVITY
Several theories of gravitation have been proposed in order
to address the astrophysical and cosmological problems of
dark matter and dark energy [25]. Most of those theories
are generically expected to violate Gauss’s law, so that the
conclusions obtained in the previous section cannot apply.
Hints towards this statement are, e.g., Ref. [60] where it is
shown that the Dvali-Gabadadze-Porrati gravity [61] violates
Birkhoff’s theorem; or the impossibility of designing Einstein-
Straus models with f (R) theories [62].
In this section, the comparison between a discrete and a
continuous model is performed again, but using Yukawa gravity
instead of Newtonian gravity. Albeit simplistic compared to
the current very elaborated theories of massive gravity [47],
the Yukawa behavior is known to generically emerge in the
weak-field regime of f (R) theories [25]. Most importantly, this
model has the advantage of being easily compared with the
Newtonian case, which allows us to keep track of the actual
reasons why a backreaction effect could emerge.
A. Yukawa gravity
The Yukawa theory is obtained by simply adding a mass
term to the Poisson equation for the gravitational field Φ. The
resulting field equation takes the form
∆Φ − λ−2Φ = 4piGρ, (25)
where ρ is the local mass density, and λ ≡ h/(mΦc) is the
Compton wavelength associated with the mass mΦ of the
Yukawa field, h being the Planck constant and c the speed of
light.
It is well know that the graviton-mass term in the above
equation implies that the field generated by a point mass m
decays exponentially as one goes away from the source:
Φ•(r) = −Gmr e
−r/λ, (26)
The exponential factor is sometimes called screening term, by
analogy with the behavior of the electrostatic field around indi-
vidual charges in a plasma or an electrolyte, which are screened
by the alternation of successive opposite-charge layers [63].
Integrating Eq. (25) over a spatial domain D directly shows
that the mass term leads to a violation of Gauss’s law,∫
∂D
g · n dS = −4piGMD − λ−2
∫
D
Φ dV (27)
with g ≡ −∇Φ, and where n is the outwards unit vector normal
to the boundary ∂D of D. This violation is easily observed if
we consider the potential Φ# created by a sphere of radius R
homogeneously filled with density ρ,
Φ#(r) =

4piGλ2ρ
[
R+λ
r sinh
(
r
λ
)
e−R/λ − 1] if r ≤ R
−Gmr Γ
(
R
λ
)
e−r/λ if r ≥ R
(28)
6with
Γ(x) ≡ 3
x3
(x cosh x − sinh x) . (29)
Given the behaviour of Γ at small x,
Γ(x  1) = 1 + x
2
10
+ O(x4), (30)
one can check that the Newtonian expression is recovered for
λ→∞; in other words there is no vDVZ discontinuity [64, 65]
in Yukawa gravity. In the second line of Eq. (28), we see that
contrary to Newtonian gravity the gravitational field created
outside a homogeneous massive sphere is not equivalent to the
same mass m concentrated at its center, but rather to the same
mass corrected by a factor Γ(R/λ).
B. Gravitational interaction of two balls
Consider two homogeneous balls with density ρ, radius R,
and whose centers are separated by a distance d, as depicted
in Fig. 3. Let us calculate their gravitational interaction en-
ergy E#−#grav,int, defined by as the potential energy of one of them,
say 1O, in the field Φ 2O created by the second one,
E#−#grav,int =
∫
1O
d3x ρΦ 2O(x). (31)
d
R
ρ ρ
Figure 3. Two homogeneous balls in gravitational interaction.
If the balls are disjoint (d ≥ 2R), then Φ 2O is given by the
second line of Eq. (28). The integral over the second ball can
then be performed analytically and yields
E#−#grav,int = −
Gm2
d
Γ2
(
R
λ
)
e−d/λ. (32)
In other words, the ratio between the interaction energy of two
balls and the interaction energy of two point masses of the
same mass and separated by the same distance is
E#−#grav,int
E•−•grav,int
= Γ2
(
R
λ
)
. (33)
It is remarkable that this ratio does not depend on the distance d.
C. Gravitational self-energy of a ball
In order to repeat a rationale calculation as in the Newtonian
case, we need to compute the gravitational self-energy of a
homogeneous distribution of mass. In the case of a ball with
density ρ, this quantity is defined as
E#grav,self ≡
∫
# d
3x ρΦ#(x), (34)
where we have to use the first line of Eq. (28). Unlike the New-
tonian case, since there is a new length scale in the problem, λ,
theΠ-theorem does not directly give the scaling law for Egrav,self.
We can nevertheless perform the integration analytically and
get
E#grav,self = −
3
5
Gm2
R
∆
(
R
λ
)
. (35)
The function ∆, whose expression is
∆(x) ≡ 5
2x2
[1 − (1 + x)e−xΓ(x)] (36)
=
15
4x5
[
1 − x2 + 2x
3
3
− (1 + x)2e−2x
]
, (37)
quantifies the difference between the Yukawa and Newtonian
cases. One can check that the latter is recovered in the limit λ→
∞, because
∆(x  1) = 1 − 5x
6
+ O(x2). (38)
D. Gravitational energy of the discrete universe
We now turn to the comparison between the discrete (D)
and continuous (C) models presented in Subsec. III A, in the
context of Yukawa gravity. We proceed as in the Newtonian
case, and start by splitting the total gravitational energy of
model (C) into the self-energy of individual cells C and the
interaction energy of different cells,
E (C)grav = NE
C
grav,self +
∑
C,C′
E C−C
′
grav,int. (39)
We then make the following approximations: although the
cells have a cubic geometry, we calculate their self-energy as if
they were balls with the same mass m and volume `3, i.e. with
radius
R =
(
3
4pi
)1/3
`, (40)
in other words,
E Cgrav,self ≈ E#grav,self(m, R). (41)
In a similar way, we calculate the gravitational energy of the full
lattice, i.e. E (C)grav, as if it were a ball with total mass M = Nm
7and volume L3, so that
E (C)grav ≈ E#grav,self(Nm, N1/3R) (42)
≈ N5/3∆(N
1/3R/λ)
∆(R/λ) E
C
grav,self, (43)
which replaces the scaling law (10) obtained in the Newtonian
case. Finally, we evaluate the interaction of different cells as if
there were disjoint balls, which allows us to use the result of
Subsec. IVB, ∑
C,C′
E C−C
′
grav,int ≈
∑
#,#′
E#−#′grav,int (44)
= Γ2
(
R
λ
) ∑
•,•′
E•−•
′
grav,int (45)
= Γ2
(
R
λ
)
E (D)grav. (46)
We conclude from Eqs. (39), (43), and (46) that the ratio
between the gravitational energies of the two models reads
E (D)grav
E (C)grav
≈ 1
Γ2(R/λ)
[
1 − 1
N2/3
∆(R/λ)
∆(N1/3R/λ)
]
. (47)
Although the assumptions formulated above can seem crude,
they actually provide an excellent approximation of the final
result, as illustrated in Fig. 4. Just like in the Newtonian case,
Eq. (47) can be seen as the ratio between the effective gravita-
tional constant in the discrete model and the true gravitational
constant.
■ ■ ■ ■ ■ ■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■
     
▲ ▲ ▲ ▲ ▲ ▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲■ λ=L λ=L/2▲ λ=L/10
1 10 100 1000 104 105
0.001
0.010
0.100
1
number N of particles
1
-E g
ra
v
(D) /E
gr
av
(C)
Figure 4. Ratio between the gravitational potential energy of the dis-
crete model, E (D)grav and of the continuous model, E
(C)
grav, as a function
of the number N of particles in the discrete model. Three Yukawa
theories are considered, with different masses for the field Φ, cor-
responding to Compton lengths λ = L, L/2, L/10. The total size L
of the lattice is fixed, so that `, R ∝ N−1/3. Squares, disks, and
triangles indicate numerical calculations, which follow accurately
the behavior predicted by Eq. (47), indicated by solid lines. The
Newtonian case N−2/3 is indicated by a dashed line for comparison.
E. Discussion
There are two significant distinctions between the Yukawa
case analyzed here and the Newtonian case presented in the
previous section.
First, the respective changes in gravitational energy and
kinetic energy due to discretization are no longer identical.
Hence, while the net consequence of the formation of gravita-
tionally bound structures on cosmic expansion was found to
be, in the Newtonian case, a rescaling of spatial curvature, this
is no longer true in Yukawa gravity. A consequence is that
backreaction now occurs also in a Universe with zero spatial
curvature.
Second and most importantly, with Yukawa gravity the
backreaction effect holds in an infinite Universe. Indeed, in
the limit N →∞ (R finite), the ratio of gravitational energies
in the discrete and continuous models, i.e. the ratio between
effective and real gravitational constants, reads
lim
N→∞
Geff
G
=
1
Γ2(R/λ)
[
1 − 2
5
(
R
λ
)2
∆
(
R
λ
)]
(48)
≈
Rλ 1 −
3
5
(
R
λ
)2
. (49)
Recall that R is essentially the size of a cell of the discrete
model. Physically speaking, it thus represents the typical
distance between e.g. two galaxy clusters, or equivalently the
size that would have a cluster if its density were themean density
of the Universe, that is R ∼ 20 Mpc. If gravitation is assumed
to depart from the Newtonian behavior on cosmological scales
only, then λ ∼ H−10 , and we find (R/λ)2 ∼ 10−6, which is
a negligible correction. However, if it is modified on scales
smaller than R, then Geff goes quickly to zero, as shown in
Fig. 5. Note that this last property is specific to Yukawa
theory, because it is short-ranged; albeit a backreaction effect is
expected in general, it does not necessarily lead to Geff/G→ 0
for other alternative theories of gravity.
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Figure 5. Effective gravitational constant Geff for the expansion
dynamics of an infinite discrete Universe with Yukawa gravity.
Let me stress that the correction that we are talking about
here is not the usual cosmological consequence of modifying
8our theory of gravity. Such an effect indeed is already taken
into account in a homogeneous model. The backreaction effect
encapsulated in, e.g., Eq. (48) is an additional change in the
expansion dynamics, which is not accounted for in a model
where matter is described as a continuous fluid4.
V. CONCLUSION
The question of whether a strictly homogeneous and isotropic
model for the Universe is capable of predicting its expansion
dynamics accurately is fundamental in cosmology. One peculiar
aspect of this question concerns the validity of the fluid limit,
i.e. whether a universe continuously filled with matter behave
identically to a universe filled with matter clumps. In this
article, I investigated this issue by comparing two models of a
finite Universe: in the first one matter is distributed on a lattice;
in the second one, it homogeneously fills the box.
In Newtonian gravity, the net effect of the discreteness of
the distribution of matter is shown to slightly weaken spatial
curvature compared to the homogeneous case, by a factor
1−N−2/3 where N is the number of particles in the model. This
result agrees with earlier results for finite lattice cosmologies in
GR [29, 31, 34], showing that the corresponding backreaction
effect is actually Newtonian. This correction vanishes in an
infinite universe, and is very small (< 10−6) in a realistic finite
universe. It also appeared that such a result crucially relies on
the fact that any isolated distribution ofmass gravitates similarly
to a point mass, which can be regarded as a consequence of
Gauss’s law.
Gauss’s law is very specific to Newtonian gravity and GR.5
It is generically violated in alternative theories, such as massive
gravity or f (R) theories. I illustrated this phenomenon with
the simple example of Yukawa gravity, characterized by an
exponential suppression of gravitational interactions beyond
distances controlled by the graviton’s Compton length λ. The
difference between discrete and continuous cosmologies turns
out to be qualitatively different from the Newtonian case: first,
it does not only lead to a renormalization of spatial curvature,
and second the corrections hold in an infinite Universe. The
expansion law of a clumpy Universe is expected to signifi-
cantly differ from the predictions of the homogeneous model
if λ . 20 Mpc. Albeit still allowed by gravitational wave
experiments [70], such a value of λ would also imply strong
deviations from Newtonian gravity on the scale of galaxy clus-
ters, and significant changes in the cosmic structure formation,
which is excluded by observations [71, 72].
The above results generally question the trustworthiness of
the cosmological tests of any modified theory of gravity that vi-
olates Gauss’s law. Indeed, in such a situation the expansion dy-
namics predicted by a Friedmann-Lemaître-Robertson-Walker
4 This must be taken as a proof of principles, because in fact a homogeneous
Yukawa universe does not gravitate [66]
5 Formulating an equivalent of Gauss’s law in GR is not trivial, but the possi-
bility of constructing Swiss-cheese models with either Schwarzschild [20],
LTB [67, 68], or Szekeres [69] holes is a convincing indication that such a
law should exist.
model does not match the actual gravitational dynamics of the
late-time, structured Universe. The amplitude of this mismatch
must be estimated for any analysis of the cosmological data in
the scope of modified theories of gravity.
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Appendix A: On the accuracy of Eqs. (11) and (12)
In this appendix, we evaluate the accuracy of the approxima-
tion stated in Eq. (11), namely that the gravitational interaction
energy of a system of cubic masses is essentially equal to the
gravitational energy of a system of point masses,
Egrav,int ≈ E (D)grav. (A1)
We will also analyze the consequences of the small corrections
to Eq. (11) on Eq. (12), which concerns the ratio between the
gravitational energies of the discrete lattice model, E (D)grav, and
its continuous counterpart E (C)grav,
E (D)grav ≈
(
1 − N−2/3
)
E (C)grav. (A2)
For that purpose, we start by comparing the gravitational
interaction energy of two homogeneous cubes E C−Cgrav,int with that
of two point masses, E•−•grav,int, with the same massm and located
at the center of the cubes. We still denote with ` the size of the
cubes, while r is the relative position between their centers, as
illustrated in Fig. 6. By definition, the gravitational interaction
energy of the cubes reads
E C−Cgrav,int = −
Gm2
`6
∫
C2
d3x1d3x2
|r − (x2 − x1)| , (A3)
where x1,2 represent positions within each cube with respect to
their centers, hence xi1,2 run from −`/2 to `/2.
The integrand of Eq. (A3) can be expanded over multipoles
as
1
|r − (x2 − x1)| =
∞∑
k=0
|x2 − x1 |k
rk+1
Pk
[
r · (x2 − x1)
r |x2 − x1 |
]
, (A4)
9x2
x1
r
`
Figure 6. Two homogeneous cubes separated by r in gravitational
interaction.
with r ≡ |r | and where Pk is the kth Legendre polynomial.
Performing the integration over each multipole, one obtains
that the multipoles k = 1, 2, 3 vanish identically, so that the
first term (apart from the monopole) in the expansion is the
hexadecapole k = 4, as we could except from symmetry
considerations. More precisely, we obtain
E C−Cgrav,int = −
Gm2
r
[
1 + α4(r)
(
`
r
)4
+ O
(
`6
r6
) ]
, (A5)
with
α4(r) ≡ 7480
(
3 − 5 x
4 + y4 + z4
r4
)
, (A6)
where x, y, z denote the components of r .
We now have to sum over all couples (i, j) of cubes. The
expansion (A5) will actually serve to show that the difference
between cubes and point masses is essentially due to the
interaction between closest neighbors. The total interaction
energy of the system of cubes reads
Egrav,int =
1
2
∑
i, j
E Ci−Cjgrav,int (A7)
= E (D)grav −
1
2
Gm2
`
∑
i, j
[
α4(r i j)
(
`
ri j
)5
+ O
(
`7
r7i j
) ]
. (A8)
An upper bound of the hexadecapole correction can be evaluated
the following way. First,∑
i, j
α4(r i j)
(
`
ri j
)5 ≤ αmax4 ∑
i, j
(
`
ri j
)5
, (A9)
then consider that there are typically n(r) ≈ pi(r/`)2 cubes at a
distance r from any cube of the system, except for cubes close
to the boundary of the system, in which case there are even less.
We use this property to write the above sum as a sum over r,
which we then turn into an integral,∑
i, j
(
`
ri j
)5
=
∑
i
∑
ri j
n(ri j)
(
`
ri j
)5
(A10)
≈
∑
i
∫ L
`
pi
(
`
r
)3 dr
`
(A11)
=
Npi
2
(
1 − `
2
L2
)
(A12)
≈ Npi
2
, (A13)
since in the physically interesting cases `  L. We conclude
that only the small values of r in the sum/integral really con-
tribute. In other words, the difference between Egrav,int and
E (D)grav, the contribution of all the couples of cubes which are not
very close to each other is negligible. The resulting difference,Egrav,int − E (D)grav ≤ Npiαmax44 Gm2` , (A14)
indeed corresponds to the contribution of the first layers around
each cube, which explains why it scales like N . Note however
that the above estimation of this contribution is quite crude,
because it relies on a multipole expansion which is valid only
when (`/r)7  1, it is therefore inaccurate for r = ` which is
the case for closest neighbours. Let us therefore calculate this
correction more precisely.
Since we have shown that only the closest interaction must
be considered in the difference between Egrav,int and E (D)grav, we
will repeat the calculation of this difference considering only
the first layer (26 cubes) around each cube, i.e. assuming that
the next layers are equivalent to point masses. Numerically,
this correction reads
δE1 ≡ E27 cubesgrav,int − E27 pointsgrav,int (A15)
= 8.65 × 10−2 Gm
2
`
, (A16)
from which we deduce
Egrav,int − E (D)grav =
N
2
δE1 (A17)
= ∆1 N−2/3E (C)grav, (A18)
with ∆1 = 4.60 × 10−2. Repeating the calculation of Sub-
sec. III B, we find
E (D)grav
E (C)grav
= 1 − (1 + ∆1) N−2/3, (A19)
This last result can finally be checked numerically by plotting,
in Fig. 7, the quantity
∆(N) ≡ N2/3
(
E (D)grav
E (C)grav
− 1 + N−2/3
)
, (A20)
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Figure 7. Fractional difference ∆ between E (D)grav/E (C)grav − 1 and the
N−2/3 law, as defined in Eq. (A20), as a function of the number of
particles N in the model. Blue squares indicate numerical calculations,
while the dashed line indicates the asymptotic value∆∞ = 4.85×10−2.
that is the fractional difference to the N−2/3 law, as a function
of N . We see that for a large number of masses, ∆(N) tends
to ∆∞ = 4.85 × 10−2, which is in good agreement with the
estimation ∆1 taking only the first layer into account.
Summarizing, the approximation stated inEq. (11) is accurate
at the level of ∼ 5%. The corrections manifest, at large N , as a
slight modification of the prefactor of the N−2/3 law. Physically
speaking, the difference is located at the immediate vicinity
of each cell, where the interaction with the closest neighbors
is accurate at a 5% level. Although the above calculation has
been performed for a cubic lattice, the very nature of this 5%
correction implies that it would hold for any kind of lattice,
regardless of its geometry.
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